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Introduction

T HE application of composite materials to aircraft con-
struction has provided the designer with increased flexi-

bility. The orientation of plies can be tailored to provide
aeroelastic performance unobtainable with an isotropic mate-
rial. A tailored laminate is made up of plies of several orienta-
tions, usually 0, 45, - 45, and 90 deg. The number of plies of
each orientation varies from one zone to another on the plane
of the laminate. Thus, a thick laminate with mainly 0-deg plies
may form the root zone, and a thinner laminate with mainly
±45-deg plies may form the leading-edge zone. Often, how-
ever, the design flexibility allows extremely large variations of
both the ply orientation percentage and laminate thickness.
The large variations produce an uneven surface that is difficult
to attach to other structures. The complexity of the laminate
may increase manufacturing cost. Also, the large variations
may cause stress concentrations that were not considered in
the original analysis.

Manufacturing constraints have been applied to several
types of designs. Toakley1 used discrete design variables for
steel structures, where only a finite number of standard beam
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cross sections were allowed. Schmit and Fleury2 used discrete
design variables for composite structures. The orientation
thicknesses were constrained to be an integer multiple of the
ply thickness. Upper- and lower-bound constraints on geomet-
ric design variables have been applied to stiffened composite
panel designs.3'4 These constraints controlled the thickness of
the stiffener components and the width, height, and spacing of
the stiffeners. Manufacturing constraints on aircraft wing
skins have been applied by Petiau.5 Petiau did not provide a
mathematical description of the manufacturing constraints,
but it is clear that constraints were placed on the thickness
variation between adjacent design variables and on the pro-
portion of plies in each direction.

The purpose of this Note is to mathematically define manu-
facturing constraints needed to control ply orientation per-
centage, thickness variation, and interleaving of plies from
two adjacent zones. The constraints were implemented in the
ASTROS optimization code and applied to the design of the
simple wing structure described in the ASTROS applications
manual.6

Mathematical Description of Constraints
To control the relative numbers of each orientation, an

upper and lower bound must be placed on each orientation
thickness (tn)0.9 where 0/ is the orientation angle, and n refers
to a specific zone on the laminate, as shown in Fig. 1. The
thickness of each layer is assumed to be a continuous design
variable. The stacking sequence is not of concern since only
the membrane properties are used in the finite element model.

The constraints control the thickness percentage of each
orientation with respect to the total thickness. For example,
the designer can specify that the thickness of each orientation
must be greater than 10% of the total laminate thickness and
less than 50% of the total laminate thickness. This type of
constraint reduces the variation of the ply percentage across
the laminate, but it also has structural benefits. This con-
straint type can be used to provide damage tolerance, bolted
joint strength, and capability to carry unexpected loads. The
mathematical expression of the constraint type is as follows:

ft.)*, * 7^ £ ft.)*,- >1 UU j = i ft.)*, ITS I) ft.)*,1 UU j - \
(1)

The parameter Pu is the upper-bound ply percentage, where
0<PW < 100. The parameter P/ is the lower-bound ply per-
centage, where 0 < P/ < 100. The sum in Eqs. (1) is the total
laminate thickness for a specific zone. For use in ASTROS,
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Fig. 1 Manufacturing constraints control ply orientation percentage,
ply dropoff rate, and ply interleaving.
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the constraints must be rearranged and scaled so that - 1.0
<gi < 1.0 and gtr <0.0 when the constraint is satisfied:

COORDINATE SYSTEM

O t

-JT^E ('«)»,-(',.)»,
Si = ' (2)

Eft,)*, Eft,)*,
7 = 1

For the design examples of this Note, these constraints
bounded each orientation thickness to between 10 and 50% of
the total laminate thickness.

To control the rate of thickness change between zones,
constraints must be placed on the sums of the orientation
thicknesses of pairs of zones, as shown in Fig. 1. These con-
straints are called ply dropoff rate constraints because they
control the rate at which plies can be dropped off a laminate
as the observation point moves from a thick zone to a thin
zone. These constraints can be expressed as follows:

E (',,)»,
7 = 1

4

Eft*)*, Eftn)*,

(3)

The subscripts n and m refer to two adjacent zones on a panel.
The parameter ru is the upper bound on the thickness ratio,
and TI is the lower bound on the thickness ratio. For use in
ASTROS, the constraints are rearranged and scaled. Also, it is
assumed that r/ = 1.0/YM:

Eft,)*,
1 . 0 7 = 1^i = — -——-i.o,r" .̂E(^)*,

7 = 1

ru
Eft,)*,

7 = 1

1.0 (4)

For the design examples of this Note, these constraints
bounded the thickness of two zones to a ratio of 1.0/1.7 < r
<1.7.

When all of the plies of a thinner zone are not continuous
into a thicker zone, plies must be interleaved, as shown in
Fig. 1. The interleave causes a ridge of increased thickness
where the interleaved plies overlap. To prevent ply interleav-
ing, the individual orientations thicknesses must not decrease
if the total thickness increases at a boundary between two
zones. The mathematical form of the constraint is as follows:

if tn<tm ( t n ) e j < ( t m ) o j 9 y = l,4

if tn*>tm (tn)ej>(tm)9j, .7 = 1,4
(5)

The difficulty with this type of constraint is that it is condi-
tional. Each condition, if feasible, will give a unique optimum
weight. The condition that will give the lowest optimum is not
known before the optimization runs begin. With a multiple
zone composite laminate, the number of combinations of
constraint conditions can be large.7 A limited subset of the

Table 1 Optimum weights of the optimization runs show that
the combination of all three types of constraints add 35.3%

to the base weight of the design

Run
Base
Ply percentage
Ply interleaving
Ply dropoff rate
Combined

Optimum weight

lb kg
12.14 5.51
14.24 5.55
12.41 5.63
12.90 5.85
16.43 7.45

Percent over
base

0
17.3
2.2
6.3

35.3
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Fig. 2 Simple wing structure is an aluminum and composite wing
box that was designed using three different types of manufacturing
constraints.

combinations can be solved while still providing the true con-
strained optimum. This method, called branch and bound,
was developed by Balinski8 and modified for use with inter-
leaving constraints by Wang and Costin.7 Another method is
to guess at the best constraint set. For this Note, the thick-
nesses of the optimum design without ply-interleaving con-
straints were assumed to indicate the best constraint set. That
is, the constraint set that was satisfied by the total thicknesses
of the optimum design without ply-interleaving constraints
was enforced for the thicknesses of each orientation. This
assumption appears to be reasonable.

The ply-interleaving constraint can be rearranged to match
the ASTROS format. It is assumed that tn<tm:

7 = 1.4 (6)

Simple Wing Structure
The simple wing structure, shown in Fig. 2, was used as a

test case for manufacturing constraints. It has composite skins
and aluminum ribs and spars. It has a span of 60 in. (152.4
cm), a chord of 20 in. (50.08 cm), and a thickness of 1.0 in.
(2.54 cm). The simple wing structure model is described in the
ASTROS applications manual.6 The composite wing skins
were subjected to Tsai-Wu stress constraints for a simulated
aerodynamic load. The wingtip was constrained to have a
0.05-rad washout twist for the same simulated aerodynamic
load. Minimum gauge constraints were applied for each orien-
tation layer so that the minimum gauge was one ply thickness.
The objective was to minimize structural weight. The top and
bottom composite skins were linked so that they each had the
same laminate. Sixteen design variables were needed. A sepa-
rate thickness design variable was associated with each orien-
tation layer (0, +45, - 45, 90 deg) in each of four elements on
the graphite/epoxy skin. The 0-deg direction is along the
midchord spar. The aluminum shear panels were not allowed
to vary. The ASTROS structural optimization program was
used to perform the optimization. ASTROS uses a method of
feasible directions as its optimization algorithm. Additional
subroutines were added to ASTROS to evaluate the manufac-
turing constraints.

Five design example runs were performed. The base prob-
lem contained only stress and displacement constraints. Man-
ufacturing constraint types were included individually (ply
orientation percentage, ply dropoff rate, and ply interleaving),
and in the final run, all three manufacturing constraint types
were enforced simultaneously.

Results
The five optimization runs all converged within seven itera-

tions. The optimum weights of each of the runs is shown in
Table 1. The ply-interleaving constraint increased the opti-
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mum weight by 2.2%, making it the least restrictive con-
straint. The ply dropoff rate constraint increased the optimum
weight by 6.3%. The ply percentage constraint increased the
optimum weight by 17.3%, making it the most restrictive
constraint. The combined effect of all three types of con-
straints was extremely restrictive, increasing the optimum
weight by 35.3%.

Plies shifted from one zone to another when the constraints
were applied individually. For example, when the ply dropoff
rate constraint was applied, the plies from the thickest zone
were reduced and the plies of adjacent thinner zones were
increased. When the ply percentage constraint was applied,
the plies were shifted from the 0-deg orientation to ± 45- and
90-deg orientations. An interleaving condition existed in the
base run. When the ply interleaving constraint was applied,
the - 45-deg plies in the thickest zone were increased to the
level of - 45-deg plies in the adjacent thinner zones. When all
three types of constraints were applied simultaneously, many
plies were added and fewer were shifted in order to satisfy the
constraints.
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Composite Laminated Shells Under
Internal Pressure
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weight ratios in composite materials, composite laminated
shells are receiving greater consideration for use in primary
structures such as aircraft fuselages, solid rocket casings, sub-
mersibles, and space vehicles. One of the concerns in struc-
tural design is devoted to developing analytical methods for
determining the response under various loading conditions.
Sherrer1 presented an elasticity solution for filament wound
cylinders with axisymmetric loadings. Whitney and Halpin2

have analyzed off-axis unidirectional two-layer angle-ply an-
isotropic tubes under various loading conditions based on
DonnelFs shallow shell approximations3 to characterize the
mechanical properties and behavior of fiber composites.
Reuter4 presented solutions for an alternate-ply cylindrical
shell under internal pressure using DonnelPs theory. The stress
field of a single layer anisotropic cylinder due to mechanical
loadings was considered by Pagano.5 Hull et al.6 studied fail-
ure mechanisms of a filament wound cylinder subjected to
internal pressure. Hyer7 has evaluated the stress distribution
of cross-ply laminated shells under hydrostatic pressure.

This Note presents a theoretical study of the response of
filament wound composite shells under internal pressure.
Each layer of the material is generally cylindrically an-
isotropic. By using cylindrically anisotropic elasticity field
equations and Lekhnitskii's stress functions, a system of sixth-
order ordinary differential equations is obtained. The general
expressions for the stresses and displacements in the laminated
composite shells under internal pressure are discussed. Two
composite systems, graphite/epoxy and glass/epoxy, are se-
lected to demonstrate the influence of degree of material an-
isotropy and fiber orientations on the axial and induced twist-
ing deformation. Stress distributions of [457 - 45]5 symmetric
angle-ply fiber-reinforced laminated shells are shown to illus-
trate the effect of radius-to-thickness ratio.

Analysis
Consider a laminated cylindrical shell consisting of fiber-re-

inforced laminas subjected to internal pressure. It is assumed
that the axis of anisotropy coincides with the longitudinal z
axis. The shell is assumed to be long enough so that, in the
region away from the ends, Saint Venant's principle holds.
Consequently, the stress components are independent of the
longitudinal z axis of the shell. As a result of axisymmetric
deformation, one can establish a system of coupled governing
ordinary differential equations in terms of Lekhnitskii's stress
functions F(r) and ^(r)8'9 for the individual lamina:

(1)

where L4
f , L{ , L3", and L{ are linear ordinary differential

operations defined as

ar dr3

d3 .

V2d/-2 Vdr

- 1 d2

Introduction

S HELLS of various constructions have been used exten-
sively as load carrying structural components. With the

unique characteristics of high strength/weight and stiffness/
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(2)

where A3 and ^44 pertain to uniform axial deformation and
relative angle of rotation about the z axis. The reduced com-
pliance constants Sjy are defined as

4=5;,-%^ (U = 1,2,4,5,6)


